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x
x  

38b =
3
44 3 .x x   38d ⋅ =

3 2 5.x x x    38f = = =
1 1
2 21: : .x

x
x x x x x  

 

39a =

=

5

5
18

18.

x

x

   39b =

=

=

3

3
4

4
64.

x

x
x

 

 

40a�  = ⋅ = ⋅ =
1,41,4 0,46 6 6 .x

x xy x x   40c�  ( )= ⋅ ⋅ = ⋅ =
30,4 0,5 1,2 0,5 1,72 5 8 5 40 .y x x x x x  

40b�  
−

= ⋅ = ⋅ =
⋅ 

1
14
4

2 12
2

2415 15 15 .x
x x

x
y x x  40d�  ( ) ( )  

= ⋅ = ⋅ = ⋅ = 
 

1 1 1
2 2 2

343 1 54 41 1 1
2 16 16

4 4 64 4 .y x x x x x x x  
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41a�  = ⋅ −

+ = ⋅

+ =

= +

31
3

31
3
3

3

7

7

3 21

(3 21) .

y x

y x

y x

x y

   41c�     41d�   

41b�  = ⋅ − +

− = ⋅ −

− = −

− = −

= − +

= − +

1 4
2

1 4
2
4

4

4

41 1
2 2

2 1 3

3 2 1

2 6 2 1

2 1 (2 6)

2 (2 6) 1

(2 6) .

P q

P q

P q

q P

q P

q P

 

 

42a ( ) ( )= ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅ ≈
2 0,80,6 3 2 1,2 0,8 2,4 1,2 2,420 3 2 20 3 2 313,40 .P x y x y x y  

42b ( ) ( )
0,180,35 3 0,35 0,35 0,18 0,54 0,891 (uitstoten)

3
 elimineren 0,6 5 6 0,6 5 2 1,19 .s L t t t t t⇒ = ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅ ≈  

42c ( ) ( )− −⇒ = ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅ ≈
1,6 2,30,4 1,6 0,64 2,3 2,3 1,661

2
 elimineren 0,12 3 5 0,12 1,5 5 9,30 .t N k k k k k  

42d ( ) ( ) ( )
   

5
2

5
0,5 2,5 2,5

2 5 2 21536

4 20

 elimineren 1536 4 20 1536 4 20 1,5 20 .
x

a y x x x

−
− −

−

 + 
 

 
⇒ = = ⋅ ⋅ + = ⋅ ⋅ + = ⋅ + 

 
 ⋅

 

 

43a ( )

( )

( )

( )

( )

= ⋅

=

=

= ⋅

= ⋅ ⋅

≈ ⋅

1
1,8

1
1,8

1 1
1,8 1,8

1,8

1,81
6

1
6

1 1
5 6

1 1
5 6

0,56

6 5

5

5

0,07 .

V R

V R

V R

R V

R V

R V

  43c 

( )

( )

=

=

= =

 
= ⋅  

 

= ⋅ ⋅

=

1 1
2 2

1
2

1
2

1
2

2

21
16

1 1
16 4

3
1
4

3 11
4
11

8

16

8

8

.

O a

O a

a O O

K O

K O

K O

  

( )

( )

=

=

= =

 
= ⋅  

 

= ⋅ ⋅

= ⋅

1 1
3 3

1
3

2
3

2
3

3

31
8

1 1
8 2

2
1
2

21
2

8

16

16

4 .

K a

K a

a K K

O K

O K

O K

 

43b 

( )

( )( )

( )

= ⋅ +

− = ⋅

⋅ − =

⋅ − =

= ⋅ −

32
5

32
5

3

3

31
4

4 2

2 4

2,5 2 4

2,5 2 4

2,5 5 .

S t

S t

S t

S t

t S

    43d ( )

( )

( )

( )

( )

= ⋅ −

= −

− =

 
= ⋅  

 

= ⋅

1
3

1
3

1
3

3

31
4

1
4

4
1
4

11
4

4 3

3

3

2

2 .

L r

L r

r L

F L

F L

  ( )

( )

( )

( )

( )

= ⋅ −

= −

− =

 
= ⋅  

 

= ⋅

1
4

1
4

3
4

4

41
2

1
2

3
1
2

1
2

2 3

3

3

4

4 .

F r

F r

r F

L F

L F

 

44 ( )+= ⋅ = ⋅ ⋅ = ⋅ = ⋅ = ⋅3 1 3 1 4 42 2 2 2 2 2 2 2 2 2 16 .
xx x x x x xy  

 

45a = = = =
10

... 10 ...log(2) log(2) log(7)ln(7) (10  en log ... heffen elkaar op)  (  en ln ... heffen elkaars op)10 10 2 7 .
e

ee e   

45b = =... 10 ...log(3) ln(5) (10  en log ... zijn elkaars inverse)  (  en ln ... zijn elkaars inverse)3 10 5 .ee  

 

46a�  ( )− − −= ⋅ = ⋅ ⋅ = ⋅ ⋅ ≈ ⋅4 2 4 2 2 425 1,3 25 1,3 1,3 25 1,3 1,3 14,79 2,86 .
tt t tN  

46b�  ( )− − −= ⋅ = ⋅ ⋅ = ⋅ ⋅ ≈ ⋅5 5 5 1180 0,8 180 0,8 0,8 180 0,8 0,8 58,98 1,25 .
tt t tN  

 

47a�  ( )+ += ⋅ = = ⋅ = ⋅ = ⋅3 2 3 2 3 3 23 3 3 3 3 3 3 27 9 .
tt t t t tN  

47b�  ( ) ( ) ( ) ( ) ( )
− −− − + − − − += ⋅ = = = = ⋅ = ⋅ = ⋅
2 13 3 2 2 1 1 2 1 2 1 21 1 1

2 2 2
2 2 2 2 2 2 2 4 .

t tt t t t t tN  

( )

( )

= ⋅

=

=

= ⋅

= ⋅

=

1
4

1 1
4 4

1 1
4 4

1
4

41
16

4

4

16

16

16

2

2 .

T S

T S

S T

S T

S T

S T

( )

( )

( )

( )

( )

−

−

− −

−

−

−

= ⋅

=

=

=

= ⋅ ⋅

≈ ⋅

1
1,6

1
1,6

1 1
1,6 1,6

1,6

1,61
15

1
15

1 1
154

1 1
154

0,625

15 4

4

4

1,358 .

A B

A B

B A

B A

B A

B A
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47c�  ( ) ( )
+

− + − − + += ⋅ = ⋅ = ⋅ = = ⋅ = ⋅ = ⋅
12 1 1 2 1 2 2 1 2 2 4 1 4 1 43 9 3 3 3 3 3 3 3 3 3 3 81 .

ttt t t t t t t tN  

47d�  ( ) ( )
++ + − + − − + += ⋅ = ⋅ = ⋅ = = ⋅ = ⋅
11 3 4 2 3 4 2 2 3 4 2 21

4
2 2 2 2 2 2 2 2 4 2 .

tt t t t t t t tN  

 

48a�  ( )− − ⋅
= ⋅ = ⋅ ⋅ = ⋅ ⋅ = ⋅ ≈ ⋅

  log(5) log(5)1 1 0,701
5

15 5 15 5 5 15 10 3 10 3 10 .
x xx x xy  

48b�  ( )− − ⋅= ⋅ = ⋅ ⋅ = ⋅ ⋅ = ⋅ ≈ ⋅  1 1 ln(5) ln(5) 1,611
5

15 5 15 5 5 15 3 3 .
xx x x xy e e e  

48c�  ( )− − − − ⋅
= ⋅ = ⋅ ⋅ = ⋅ ⋅ = ⋅ ⋅ ≈ ⋅

  

3log(1,7) 3 log(1,7)3 2 3 2 2 2 0,6937,2 1,7 37,2 1,7 1,7 37,2 1,7 10 37,2 1,7 10 12,87 10 .
t tt t tT  

48d�  ( )
−

− + −− += ⋅ = ⋅ = ⋅ = ≈
3 2log(37,2) log(1,7) log(37,2) (3 2)log(1,7) log(37,2) 3 log(1,7) 2log(1,7)3 2 0,69 1,1137,2 1,7 10 10 10 10 10 10 .
t t tt tT  

 

49a ( )4 4 418 5(6 1,5 ) 18 30 5 1,5 12 5 1,5 12 5 5,06 .
tt t tN = − − = − + ⋅ = − + ⋅ ≈ − + ⋅  

49b 
( )

( )
( )

+

+ +

− − −

+ − − + − + +
= = = = = = = ⋅ = ⋅ = ⋅

2 13
2 1 6 3

1 1 2 22

2 6 3 (2 2) 6 3 2 2 4 5 4 5 48 2
4 22

2 2 2 2 2 32 2 32 16 .

t
t t

t t t

tt t t t t t tN  

49c ( )
6 36 3 (6 3)ln(1,12) ln(150) 6 ln(1,12) 3ln(1,12) 0,68 5,35ln(150) ln(1,12) ln(150)150 1,12 .
qq q q qK e e e e e e

+
+ + + + +

= ⋅ = ⋅ = ⋅ = ≈  

 

50a ( )= ⋅ ⋅ − = ⋅ ⋅ − ⋅ = ⋅ − ⋅ = ⋅ − ⋅2 3 327 0,4 (3 0,4 ) 27 0,4 3 27 0,4 81 0,4 27 0,4 81 0,4 27 0,064 .
tt t t t t t tT  

50b ( ) ( )+ + +⋅= ⋅ = ⋅ ⋅ ⋅ = ⋅ ⋅ = ⋅ ⋅ = ⋅ ≈  

2 32 1 3 1 2 1 3 1 ln(3) ln(2) 2 ln(3) 3 ln(2) 2ln(3) 3ln(2)) 4,28(3 2 3 3 2 2 6 6 6 6 .
t tt t t t t t t tP e e e e e e  

 

51 − −= ⇒ = = − ⇒ + = ⇒ = +...1 1  ( ln ... en  zijn elkaars inverse)ln( ) ln( ) 1 ln( ) 1 1 ln( ).x x ey e y e x y x x y  

 

52a −

−

= ⋅

=

= −

= +

= + +

= + +

≈ +

4

41
20
3

3

3 3

log(0,05) log( )

log(3) log(3)

20 3

3

log(0,05 ) 4

4 log(0,05 )

4 log(0,05) log( )

4

1,27 2,10log( ).

x

x

y

y

y

y x

x y

x y

x

x y

   52b  

52c −

−

= ⋅

=

= −

= +

= +

2 3

2 31
250

1
250

1
250

1 1 1
2 2 250

250 10

10

log( ) 2 3

2 3 log( )

1 log( ).

t

t
N

N

N t

t N

t N

 

 

53a 
− −

=

=

− = −

=

=

2 1 2 3

3
5

( ) ( )

2 1 2 3
5 3

.

x x
f x g x

e e
x x
x

x

  ( ) ( )

( )

− −

− − −

−

= − = −

 = − ⋅ − ⋅ = − ⋅ − ⋅ − − ⋅ − ⋅
 

= − ⋅ + ⋅ + ⋅ = − ⋅ +

∫ ∫

 

 

3 3
5 5

  

3 1 1
5 5 5

1
5

2 3 2 1

0 0

2 3 2 1 2 11 1 1 1 1 1
3 2 3 2 3 20

2 1 2 55 51 1 1 1
6 3 2 3 6 2

( ) ( ) d d

.

x x

x x

e

O g x f x x e e x

e e e e e e

e e e e e

 

53b − − −

−

= ⋅ = ⋅ =

= ⇒ = − ⇒ = −

2 1 2 3 1

1
( ) ( ) ( ) .

ln( ) 1 1 ln( ).

x x x

x
h x f x g x e e e

y e y x x y

 

53c 

( )

( )

− + ⋅ + ⋅ ⋅ − ⋅ − ⋅ +

= + − − + = − + = −

− + −

2 2 1 1

22 2

22

ln ( ) 4 ln( ) 5  heeft als afgeleide 1 ln ( ) 2ln( ) 4 ln( ) 4 5

ln ( ) 2ln( ) 4ln( ) 4 5 1 2ln( ) ln ( ) 1 ln( ) .

Dus ln ( ) 4 ln( ) 5  is een primitieve van 1 ln( ) .

y yy y y y y y y y y y

y y y y y y

y y y y y y

 

1
0,65

1

11
0,65
1,16 1

0,65
1,16 1

0,65
1,16 1,161

0,65
ln( ) ln( )
ln(1,16) ln(1,16)

0,65 1,16

1,16

log( ) 1

1 log( )

1 log( ) log( )

1

3,90 6,74ln( ).

x

x

y

y

y

y x

x y

x y

x

x y

−

−

= ⋅

=

= −

= +

= + +

= + +

≈ +

−

−

= ⋅

=

= −

= −

3

31
120

1
120

1
120

52d 120

ln( ) 3

3 ln( ).

q

q
P e

P e

P q

q P

f
g
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53d 

( ) ( )( ) ( )

( ) ( )( ) ( ) ( )( )

π π π

π π π π π π

−

=

=

= = =

 = ⋅ = ⋅ − = ⋅ − +  

= ⋅ − + − ⋅ − + = ⋅ ⋅ − ⋅ + − ⋅ − + = −

∫ ∫
 

 

  

1 0 1

22 2

1
1 1

2 2 2

(0) .

( ) d 1 ln( ) d ln ( ) 4 ln( ) 5

ln ( ) 4 ln( ) 5 ln (1) 4ln(1) 5 1 4 1 5 0 0 5 2 5 .

y e e e

y

h e e e

I L x y y y y y y y y

e e e e e e e e e

 

 

54 ( )+
= ⋅ − ⇒ = − ⇒ + = ⇒ = = ⋅ = ⋅ = ⋅

2 4 23 3 3 4 4 21
2

log( ) 2 2 log( ) 4 2 4 log( ) 3 3 3 3 3 81 9 .
yy y yy x y x y x x  

 

55a ( )+= + ⇒ = = ⋅ = ⋅ ≈ ⋅2,15 0,07 2,15 0,07 2,15 0,07log( ) 2,15 0,07 10 10 10 10 10 141 1,175 .
tt t tN t N  

55b ( )+
= + ⇒ = = ⋅ = ⋅ ≈ ⋅

0,752,85 0,75log( ) 0,75log( ) log( )2,85 2,85 0,75log( ) 2,85 0,75log( ) 10 10 10 10 10 708 .q q qP q P q  

55c − − −
= ⋅ + + ⇒ = + + ⇒ − = + ⇒ + = ⇒ = − ⇒ = −

4 12 4 12 4 121 1 2
5 54

ln(5 2) 3 4 ln(5 2) 12 4 12 ln(5 2) 5 2 5 2 .y y yy x y x y x x e x e x e  

55d ( )+ ++ = + ⇒ + − = ⇒ = ⇒ = ⇒ + = ⇒ = − ⇒ = −    5 5 5 52 3 2 3 1 1
2 2

ln(2 3) 5 ln( ) ln(2 3) ln( ) 5 ln 5 2 3 2 3 1 .A A
B B

A B A B e A e B A e B A e B  

 

56a += − ⇒ + = ⇒ = + ⇒ = 0,5 0,22log( ) 0,4 0,4 2log( ) log( ) 0,5 0,2 10 .FF N F N N F N  

56b − − −
= + + ⇒ + = − ⇒ + = ⇒ = − ⇒ = ⋅ −

1 1 11 1
4 4

log(4 1) 1 log(4 1) 1 4 1 10 4 10 1 10 .D D DD Q Q D Q Q Q  

56c 

( )

+ +

+

⋅ = − − ⇒ − = ⋅ + ⇒ − = ⇒ = + ⇒

= + = ⋅ ⋅ + ≈ ⋅ +

2 6 2 6

2 6 2 61 1 1 1 1
2 2 2 2 2

2 ln(2 3) 6 ln(2 3) 2 6 2 3 2 3

1 1 5,8 4,1 1 .

K K

K
K K

K R R K R e R e

R e e e

 

56d ( )+ +

− −
− = − + + ⇒ = + − − ⇒ = ⇒ = = ⇒

+ = − ⇒ = − ⇒ = −

    

    

2 1 2 12 2 2 2 2 4
3 1 3 1

1
2

log(3 1) 4 log(2 1) 4 log(2 1) log(3 1) 4 log 2 16

2 1 48 16 2 48 17 24 8 .

y y
x x

x y y x

y x y x y x

 

 

57 
− −

+ = + ⇒ + = ⋅ ⇒ + = ⇒ − = − ⇒ − = − ⇒ = − =
    1 1

log( ) log( ) log( ) log( ) log( ) (1 ) .b b
b b

a b a b a b a b a b ab a ab b a b b a  

 

58a −
= ⇒ = − ⇒ = ≈

5,3 1,7log(50)
 (cm)  (bomen per ha)50 log( ) 5,3 1,7log(50) 10 258 .D N N  

58b 

−

= = ⇒ = − ⇒

= − ⇒ = ⇒ = ≈
  

2000  (bomen/ha)  (intersect of)
8

5,3 log(250) Ans  (cm)
1,7

250 log(250) 5,3 1,7log( )

1,7log( ) 5,3 log(250) log( ) 10 51 .

N D

D D D

 

58c 

( )
−− − − −

= − ⇒ = − ⇒ = − ⇒

= = ⋅ = ⋅ = ⋅ ≈ ⋅
 

    

 

1log( )5,3 5,3 5,3 5,31 1
1,71,7 1,7 1,7 1,7 1,7 1,7 1,7

log( )5,3
1,7 1,7

log( ) log( ) 0,59

log( ) 5,3 1,7log( ) 1,7log( ) 5,3 log( ) log( )

10 10 10 10 10 10 1310 .
N

N

N N

N D D N D

D N N

 

 

59a = ⇒ = + − ≈ (cm)  (cm)185 290log(185 100) 550 162 .G s  

59b = ⇒ = + − ⇒ = + ⇒

= + ⇒ + = ⇒ = − ≈
760 760
290 290

 (cm)

760  (cm)
290

210 210 290log( 100) 550 760 290log( 100)

log( 100) 100 10 10 100 318 .

s G G

G G G

 

59c 
+

+= + − ⇒ + = + ⇒ = + ⇒

+ = = ⋅ ⇒ ≈ ⋅ −

  

550 5501
290 290 290

550
290

0,00345

290log( 100) 550 550 290log( 100) log( 100)

100 10 10 10 78,8 10 100.
s

s

s s

s G s G G

G G

 

59d ⋅
= ⇒ ≈ ⋅ − ≈

⋅= ⇒ ≈ ⋅ − ≈

  

  

0,00345 180 (cm)
0,00345 220 (cm)

180 78,8 10 100 229 en 

220 78,8 10 100 352.
Dus de spanwijdten  liggen tussen 229 en 352 cm.

s G

s G
G

 

 

60a − = + + = − + ⋅ − + ⇒ = − + ⇒ = − + ⇒ − + =

= + + = + ⋅ + ⇒ = + + ⇒ − = + ⇒ + = −

 

 

2 2

2 2
( 1, 6) invullen in  geeft 6 ( 1) 1 6 1 5 5 .

(4, 11) invullen in  geeft 11 4 4 11 16 4 5 4 4 5 .

y x bx c b c b c b c b c

y x bx c b c b c b c b c

 

 

�

�

 

60b 

−

− + =


+ = − −

− = ⇒ = = − ⇒ + = ⇒ = 

        

 

          

 

10  
5

  5
4 5

5 10 2 in 2 5 3.

b c
b c

b b c c

�

�

�

 

V
h

= 1y
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�  

61a +
+

+
+

= ⇒ + = + ⇒ − =

= ⇒ + = + ⇒ − =

 − =− =
⇒ 

− =− = −

  

 

  

  

 

  

            

                

 

9 11
2 2 1

42 12
5 5 4

(1, 4 ) invullen geeft 2 2 9 9 2 9 7 .

(2, 2 ) invullen geeft 20 5 48 12 5 12 28 .

5 10 45 352 9 7
10 24 5625 12 28

a
b
a
b

a b a b

a b a b

a ba b
a ba b

 

 

�

�

��

��




− = − ⇒ = ⇒ − = ⇒ = ⇒ =                                                                            21 21 1 in 2 9 7 2 16 8.b b a a a�

 

61b +

− +
− = ⇒ + = − +

= ⇒ = ⇒ = ⇒ = ⇒ =

⇒ + = − +

+ ⋅ ⋅ + = ⋅ − +

  

 

  

   

15 25
1 5

2 295 5 252 (kwadrateren)
3 3 3 9 25

29  (nog eens kwadrateren)
25

2 2 2 9
2

( 5, 15) invullen geeft 25 15 5 .

(0, 1 ) invullen geeft 3 5 .

 in 25 15 5

25 2 25 15 ( 5

a
b

a
b

a b

a b a b a b b a

a a

a a

 

 

�

� �

� �

+ + = ⋅ − +

+ + = − +

− + + =

 

 

2
5

2 29
25

2 2

2  (hiernaast verder)

)

625 50 225 ( 5 )

625 50 1125 81

80 50 1750 0

a

a a a

a a a

a a

 

 

62a 

+ − −

 + =


+ = −

− = ⇒ − − = = − − ⋅ ⋅ − = ⇒ = ⇒ = = = ∨ = = = −
⋅ ⋅

= + = ⇒ = ⇒ = ∨ = −

    

    

                  

                
 

                   

2 2

2  

2 2 2 1 3 4 1 3 2 1
2 2 2 2 24 4

2 2 

2 18

17

2 1 2 1 0 met ( 1) 4 2 1 9 3 1  

1 in  geeft 1 17 16 4  

x y

x y

y y y y D D y y

y x x x x

�

�

�

= − − = ⇒ = ⇒ = = = = ∨ = −2 2 35 701 1 1 1 1 1 
2 2 2 2 2 2 24

4

 in  geeft 17 17 17 70  70.y x x x x�

 

62b 

( )

 + = + =
⇒ 

==  

⇒ + =

+ ⋅ =

− + =

− − =

 
 

 

                        

2
2

2 22 2   
3                

22 3

2 9  (vermenigvuldigen met )

4 2

2 2  (hiernaast verder)

2 192 19
3

 in 2 19

2 19

19 18 0

( 1)( 18) 0

x

x

x
x

x yx y
yxy

x

x

x x

x x

��

��

� �

    

62c 

( )

− −

− −

−

 + = = − 
⇒ 

+ = + =  

⇒ + =

+ =

+ =

− ⋅ + =

                                                                       

    

 

7

1 1

8 1

7

2  (vermenigvuldigen met 2 )
2
2 7

8 8

2 2 24 2 2 24

 in 2 2 24

2 2 24

2 24

2 24 2 2 0

a
a

a b a b

a a

a a

a

a a

a b b a� �

� �

� �

 (hiernaast verder)

   ( ) − ⋅ + =

− − =

= = ∨ = =

= ∨ =

= = − =

= = − =

2

3 4

 

 

2 24 2 128 0

(2 8)(2 16) 0

2 8 2   2 16 2
3  4
3 in  geeft 8 3 5
4 in  geeft 8 4 4.

a a

a a

a a

a a
a b
a b

�

�

 

62d 
  = −+ = = − 

⇒ ⇒ 
+ − = ⋅ − =  

                                                                                                                             

    

2 2 2
14 22 14 14 2

log( ) log( 1) 4 log( ( 1)) 4

a ba b a b

a b a b

� �

� �




⋅ − = =
⇒ − ⋅ − =

− − + − =

− + − =

− + =

                                              

  

 

4

2

2

2  (hiernaast verder)

( 1) 2 16

 in (14 2 ) ( 1) 16

14 14 2 2 16 0

2 16 30 0

8 15 0

a b

b b

b b b

b b

b b

�

�

� �

 

 

63a 
+ − −

− −+

+ + + + + + + +

− − − − − −− −
= = = − = = ⋅ = = = −

= − − ⇒

         

   

         

   

0 0

0,0 0,0 0,00 0

0,0 0,0 0,0

3 1 3 1 3 1 3 1 3 1 3 3 3 1 3 3 1
3 1 3 1 3 1 3 1 3 1 3 3 13 1 3 3

( ) . Nu is ( )  en ( ) .

Voor elke  is ( ) ( ) de grafiek van  

x x a a a a a a a

x a a a a a ax af x f a f a

a f a f a f is puntsymmetrisch in de oorsprong.

 

63b 
− −

− − − −

+ + +

−− −
= = ⋅ =   

 

   

1 1

1, 1 1 1
3 1 3 1 3 3 3

3 3 33 1 3 1
( ) .

x x x

xx xf x  

63c 
+ +

+ +

+

+

+ ++ ++ +

− −

+ + ++ + ++

−

= = ⇒ − = ⋅ + ⇒ = ⋅ +

= ⇒ − = ⋅ + ⇒ = ⋅ + ⇒ = ⋅ +

  

 
 

  

 

 

 

3

, 3

5
2

5

3 33 33 1 3 11 1
4 43 1 3 1

5 5 35 5 33 11 1  (delen door 3 )
8 8 3 1

(3, ) invullen in ( )  geeft 3 1 4 3 4 3 4 3 5 .

(5, ) invullen geeft 3 1 8 3 8 3 8 3 9 3 8 3 1

x p p

p q x q q

p

q

p pq q

p p pq q q

f x  �

+ + + +

+

⇒ ⋅ + = ⋅ + ⇒ − ⋅ = − ⇒ = = ⇒ + = ⇒ = −

= − ⇒ = ⋅ + = ⋅ + = = ⇒ + = ⇒ = −

 

 

3 3 3 3 0

3 0 2

.

 in 4 3 5 8 3 1 4 3 4 3 1 3 3 0 3.

3 in 3 4 3 5 4 1 5 9 3 3 2 1.

p p p p

q
p p

p q q

 

 

�

� �

�

 

+ − −

− − =

= − − ⋅ ⋅ − = ⇒ =

= = = ∨ = = = −
⋅ ⋅ ⋅ ⋅

= ⇒ = ⋅ =

 

    

        

 

2

2

5 75 80 5 75 70 35
2 8 2 8 2 8 2 8 8

 voldoet niet aan 
9
25

8 5 175 0

( 5) 4 8 175 5625 75

5  

                                   

5 in 25 9.

a a

D D

a a

a b 

�

�

−

−

= ∨ =

= ∨ = − ∨ = = ⋅ = ∨ = −

= = =

= − = = −

= = = ⋅ = =

= − = = −

2 2

3 
1
3 
1

2 23 1 1 
2 23 2 2 2

3 1 
23 2

1  18

1  1  18 9 2 3 2  3 2

1 in  geeft 3

1 in  geeft 3

3 2 in  geeft 2

3 2 in  geeft 2.

x x

x x x x

x y

x y

x y

x y

�

�

�

�

− − =

= ∨ =

= = − =

= = − =

 

 

( 3)( 5) 0
3  5
3 in  geeft 14 6 8
5 in  geeft 14 10 4.

b b
b b
b a
b a

�

�



G&R vwo B deel 4 14 Algebraïsche vaardigheden 
C. von Schwartzenberg 12/18 

64a 
+ + + +

= + = ⋅ + ⋅ ⇒ = ⋅ + + ⋅ +
        

4 5 1 1
1 2 1 2

( ) 4 5 ( ) 4 ln 1 5 ln 2 .
x x x x

f x F x x x  

64b + + + ++ + + + +
+ + + + + + + + + + + +

= + = ⋅ + ⋅ = = =
                  

                        

4( 2) 5( 1) 9 134 5 4 2 5 1 4 8 5 5
1 2 1 2 2 1 ( 1)( 2) ( 1)( 2) ( 1)( 2)

( ) .x x xx x x x
x x x x x x x x x x x x

f x  

64c + +
+ ++ +

= = = ⇒ = = ⋅ + + ⋅ +    

    
   

2
9 13 9 13

( 1)( 2)3 2
( ) ( ) ( ) ( ) 4 ln 1 5 ln 2 .x x

x xx x
g x f x G x F x x x  

 

65a −
−−− +

− −− − −
−−− − − − − −− +

= = + ⇒ = − + − +

= = = + = + =

  

    
   

    
      

                
   

2

2

5 14 3 2  (zie de berekening hieronder)
246 8

( 2) ( 4)5 14 5 14 2
24( 4)( 2) ( 4)( 2) ( 4)( 2)6 8

( ) ( ) 3ln 4 2ln 2 .

( )

x
xxx x

a x b xx x a b ax a
xxx x x x x xx x

f x F x x x c

f x + − −+ −
− − − −

=

 + =+ = 
⇒ 

− − = −− − = −  +

      
    

        

                                                  

    

                               

        

 

( ) 2 44
( 4)( 2) ( 4)( 2)

2 2 2 105
2 4 1412 4 14

a b x a bbx b
x x x x

a ba b
a ba b

��

��

− = − ⇒ = ⇒ + = ⇒ =                                                                                                                                                 2 4 2 in 2 5 3.b b a a�

 

65b +
+ ++ +

+ ++ + + +
+ ++ + + + + ++ +

= = − + ⇒ = − + + + +

= = = + = + =

  

    
   

    
       

                
   

2

2

11 4 5  (zie de berekening hieronder)
3 14 3

( 1) ( 3)11 11
3 1( 3)( 1) ( 3)( 1) ( 3)( 1)4 3

( ) ( ) 4ln 3 5ln 1 .

( )

x
x xx x

a x b xx x a b ax a
x xx x x x x xx x

g x G x x x c

g x + + ++
+ + + +

=

 + =


+ = −
− = − ⇒ = ⇒ + = ⇒ = −

      
   

        

                            

  

                

 

( ) 33
( 3)( 1) ( 3)( 1)

1
3 11

2 10 5 in 5 1 4.

a b x a bbx b
x x x x

a b
a b

b b a a

�

�

�

 

65c +
+ ++ +

+ ++ +
+ ++ + + + + ++ +

= = − + ⇒ = − + + + +

= = = + = + =

  

    
   

    
     

                
   

2

2

3 24 3 6  (zie de berekening hieronder)
5 27 10

( 2) ( 5)3 24 3 24
5 2( 5)( 2) ( 5)( 2) ( 5)( 2)7 10

( ) ( ) 3ln 5 6ln 2 .

( )

x
x xx x

a x b xx x a b ax
x xx x x x x xx x

h x H x x x c

h x + + ++ + +
+ + + +

=

 + =+ = 
⇒ 

+ =+ =  −

      
     

        

                             

    

                                                     

        

 

( ) 2 52 5
( 5)( 2) ( 5)( 2)

2 2 2 63
2 5 2412 5 24

a b x a ba bx b
x x x x

a ba b
a ba b

��

��

− = − ⇒ = ⇒ + = ⇒ = −                                                                                                     3 18 6 in 6 3 3.b b a a�

 

65d 
+++ +

+ + + + +
+++ + + + + + ++ +

= = − ⇒ = + − + +

= = = + = + =

    
   

    
      

                  
   

2

2

4 3  (zie de berekening hieronder)
347 12

( 3) ( 4) 3 4
34( 4)( 3) ( 4)( 3) ( 4)( 3) ( 47 12

( ) ( ) 4ln 4 3ln 3 .

( )

x
xxx x

a x b xx x a b ax a bx b
xxx x x x x x xx x

j x J x x x c

j x + + +

+ + +
=

 + =+ = 
⇒ 

+ =+ =  −

      

      

                

    

                                                                                        

        

 

( ) 3 4
)( 3) ( 4)( 3)

3 3 3 31
3 4 013 4 0

a b x a b
x x x

a ba b
a ba b

��

��

− = ⇒ = − ⇒ − = ⇒ =                                                                  3 3 in 3 1 4.b b a a�

 

 

66a + ≠ ⇒ ≠ ±
−

+ − −

= =

− = +

− − =

= − − ⋅ ⋅ − = ⇒ =

= = = ∨ = = = −
⋅ ⋅

≤ ⇒ < − ∨ − ≤ < ∨ ≥

  

 

    

    

2
2 1

8 4 3  ( 4 2)
4

2

2

2

8 16 24 8 16 8 4
2 3 6 2 3 6 3

4 (zie hierboven en een plot)
3

( )

3 12 8 4

3 8 16 0

( 8) 4 3 16 256 16

4  .

( ) 3 2  2  4.

x x x
x

f x

x x

x x

D D

x x

f x x x x

 

66b − − ++ − − − − − −

− − − −

+ − − −
− −

⋅ ⋅
= ⇒ = = =

= = − = = = −

= − + − ⇒ = − −

         
         

    

      

  
  

 

2 2 2 2

2 2 2 2 2 2 2

2

( 4) 8 (8 4) 28 4 8 32 16 8 8 8 32
4 ( 4) ( 4) ( 4)

0 4 0 0 32 32
160 4 (0 4)

( ) '( ) .

(0) 1 en '(0) 2.

: 2  door (0, 1) : 2 1.

x x xx x x x x x
x x x x

f x f x

f f

k y x b k y x

 

66c +

−
= =

− = +

− − =

− − =

− + =

= ∨ = −

  

 

2
8 4 4

34
2

2

2

( )

4 16 24 12

4 24 28 0

6 7 0
( 7)( 1) 0

7  1.

x
x

f x

x x

x x

x x
x x
x x

     

( ) ( ) ( )

( )

− + − + −
− − −

 = − = − + = − − = − − − +
 

= − − − − − − = − + +

∫ ∫ ∫
 

   

        
 

0 0 0 05 3 5 31 1 1 1( )
3 3 2 2 3 2 2 3 1

1 1 1
1 1
3 3

1 ( ) d 1 ( ) d 1 d 1 5ln 2 3ln 2

0 5ln(2) 3ln(3) 1 5ln(3) 3ln(1) 8ln(2) 1 5ln(3).

V
x x x x

O f x x x x x x x
 

 

67a − −
= − ⋅ = − ⋅ =6  invullen in 2 24  geeft 2 6 24.x p x pe p e p  � �  

67b +− ⋅ = ⇒ − = ⇒ = − ⇒ = ⇒ + = ⇒ = − + 

22 6 24 12 24 2 in 6 2 ln(6) 2 ln(6).xp p p e x x �  

+ −+ +
− +− + − + − +−

+ + −+ + −
− + − +

= = = + = +

= =

+ =

    
    

                
 

      
      

        

               

                 

2

( 2) ( 2)8 4 8 4
2 2( 2)( 2) ( 2)( 2) ( 2)( 2)4

( ) 2 22 2
( 2)( 2) ( 2)( 2)

( )

.

8

a x b xx x a b
x xx x x x x xx

a b x a bax a bx b
x x x x

f x

a b  + =
⇒ 

− =− =  +         

                                                                                                                                                  

       

 

2 2 2 16
2 2 412 2 4

a b
a ba b

��

��

= ⇒ = ⇒ + = ⇒ =                              4 20 5 in 5 8 3.a a b b�



G&R vwo B deel 4 14 Algebraïsche vaardigheden 
C. von Schwartzenberg 13/18 

�  

68a + = + = + = +

− + =

− − =

= ∨ =

2 2 2 2

2

 (hiernaast verder)

4 4  invullen in 4 3  geeft 4 3

4 3 0
( 3)( 1) 0

3  1

p x px x x x x

x x
x x
x x

  � �  

68b − −= + = + − + = + −

+ = + −

− − =

− + =

= ∨ = −

2 21 2 1 3 2 2 3 2

3 3 2

2

 (hiernaast verder)

1  invullen in 6  geeft ( 1) 6

6

6 0
( 3)( 2) 0

3  2

x xpe x pxe x x x x x x

x x x x

x x
x x
x x

  � �  

68c + + = ⇒ + = − + = ⋅ − =

− =

− − =

− + =

= ∨ = −

2

2

 (hiernaast verder)

2 ln( 1) ln( 1) 2  invullen in 2 ln( 1) 48  geeft 2 ( 2) 48

2 4 48

2 24 0
( 6)( 4) 0

6  4

a x x a x x ax x x x

x x

x x
x x
x x

  (2)�  

68d 
+ + +

+ + +

+

+

+ = ⇒ = − = − =

− =

+ − =

+ − =

= − ∨ = ⇒ = − ⇒ + = ⋅ ⇒ = − =

      

      

  

 

  

 (* kwadrateren)
2 3 2 3 2 3

2

2

1
 (voldoet niet aan *)

2 3

2 2  invullen in  geeft 2

2

2 0
( 2)( 1) 0

2   1 in 2 1 1 5 1 5 1 4.

x p x p x p
x x x

p

x x x x x

x x

x x
x x

x x p p

  

 

� �

�

 

 

69 
2 2

2 2 2

 (op de -as komen)  (horizontale raaklijn)

2

2

2 1
2

1 2 21 1
2 2 22 2

( ) '( ) 2 1.

-as raken ( ) 0   '( ) 0

0  invullen in 2 1 0  geeft 2 1 0

2 1 0

2 1

p p

p p

x p x p

x

x p x p x p

f x e x f x e x
x f x f x

e x e x e x x x

x

x

x

x

+ +

+ + +

= + ⇒ = ⋅ +

⇒ = ∧ =

+ = ⇒ = − ⋅ + = − ⋅ + =

− + =

=

=

= = ⋅ = =

  � �

1 1  (hierboven verder)
2 2

2  2x∨ = − = −

 

 

70 
+ +

= + = +

++

−
+

= + ⇒ = ⋅ =

= + ∧ ⋅ = −

+ = + ⋅ = − ⋅ = −

=

= − −

= −

= − ⇒ + = ⋅ − +

  

  
 

  

 

2 2

2

1

2 1

2

 ( 5 5 snijden)  (loodrecht op 5 5)

2
5 5

1
1

1 1 1
2 24

( ) '( ) 2 .

( ) 5 5   '( ) 5 1

5 5  invullen in 5 1  geeft 5 1

1
2 1

 in 5 5

p p

p p

x

x p x p

y x y x

x x
xx p

x
x

f x x p f x x

f x x f x

x p x

x x
x

x p

  

 

� �

� ⇒ + = ⇒ + = ⇒ = =25 241 1 1 (* kwadrateren)  (voldoet aan *)
24 4 4 4

2 6 .p p p

 

 

71 

( )
( )

− −

−

= − ⇒ = ⋅ − = − = − + ⇒ = −

= ∧ =

− = − + ∧ − = −

− = − + ∧ = ∨ − =

− = − + ∧ = ∨ − = − + ∧

    

 

  

2 2

2

2 221

2 2 2

2 2 2

2 2 2 2

( ) ln( ) '( ) 2  en ( ) '( ) 2 .

( ) ( )  '( ) '( )

ln( )   2

ln( )   0  1

ln( )   0   ln( )  

p p q q

p q p q

x
p x p x

x
p x

f x p x f x x g x x q g x x

f x g x f x g x

p x x q x

p x x q x p x

p x x q x p x x q

  � �

( )
( ) ( )
( ) ( )

− =

= ∨ = − +

= ∨ = ⇒ = ∨ − = ⇒ = ∨ − = = ⇒ = ∨ = +

2

2

2 0

 1

ln( )   ln(1)

   in   ln( ) 0   1   1 .q q q q

p x

p q x q

p e x q p e p q p e p q e p e p q �

 

 

 

= ⇒ + = ⇒ = = ⋅ =

= ⇒ + = ⇒ = = ⋅ =

 

 

132 4 4 4
1313 13 13

52 4 4 4
55 5 5

3 in 3 4 4 13 en

1 in 1 4 4 5.

x p p

x p p

 

 

�

�

−

−

= ⇒ = + ⇒ = ⇒

= − ⇒ = + ⇒ = ⇒

 

 

2

8

3

3 1 2 8 10

4 1 3 5

3 in 3 1 10  en 

2 in 4 1 5 .
e

e

x pe pe

x pe pe

 

 

�

�

= ⇒ + = − ⇒ =

= − ⇒ − + =

 

 

4
ln(7)

6 in ln(6 1) 6 2  en 

4 in ln( 4 1) ... heeft geen oplossing.

x a a

x a

 

 

�

�

( )

+

+

= = ⇒ = −

= − = − ⇒ = ⇒ + = ⇒ = − +

= − −

 

 

1
2

1
2

 

1 1 1
2 2 2

1 1 1 1 1 1 1
2 2 2 2 2 2 2

1 1
2 2

2  in 2 heeft geen oplossing en 

2  in 2 ln( 2) ln( 2).

Dus 2 en het raakpunt is 2, 0 .

p

p

x e

x e p p

x

 

 

�

�
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Diagnostische toets 

D1a�  − = − +

− = − + ∨ − = −

+ − = ∨ − − =

+ − = ∨ − + =

= − ∨ = ∨ = ∨ = −

= − ∨ = ∨ = −

  

  

  

      

    

2 2 2

2 2

2 2

( 4) ( 2)

4 2 4 2

6 0 2 0
( 3)( 2) 0 ( 2)( 1) 0

3 2 2 1
3 2 1.

x x

x x x x

x x x x
x x x x
x x x x
x x x

D1b�       

π

⋅ =

= ∨ =

= ⋅ ∨ =

  

  

sin( ) 5sin( )

sin( ) 0 5
ln(5).

x

x
e x x

x e
x k x

 D1c�  +

− −

=

+
− −

=

=

− = − +

− = + −

− = −

= = ⇒ = =

  

    

  

    

2
5

ln( ) ln( ) 2
ln( ) 1 ln( ) 4
(stel tijdelijk ln( ) )

2
1 4

2 2

5 22
5

( 4) ( 1)( 2)

4 2
5 2

ln( ) .

x x
x x

x t
t t
t t
t t t t

t t t t
t

t x x e e

 

D2a�  − + = − = − +
2 2 2 4 2(( 2)( 2)) ( 2) 4 4.x x x x x  

D2b�  + = + + = + + + = + + + + + = + + +3 2 2 2 3 2 2 3 2(2 3) (2 3)(2 3) (2 3)(4 12 9) 8 24 18 12 36 27 8 36 54 27.x x x x x x x x x x x x x x  

D2c�  + −−
≠ ⇒ ≠ ∧ ≠ − ≠ ∧ ≠ −

− −
= = +

  
 

  

2 24 2
2 2

( 4)( 4) 216  ( 4 2 2)  ( 2 2)
4 4

4 .x xx x x x x x
x x

x  

 

D3a�  ≠ − ∧ ≠
+ − + −

= ⋅ =
        

6 2 12 ( 1 1)
1 1 ( 1)( 1)

.x x
x x x x

y  

D3b�  
−
+ − −

≠ ∧ ≠ −
+ +

= = ⋅ =
  

      

  
  

1
1
2 2 2

1 11 ( 0 1)
12 2 2 ( 1)

.
x
x x xx x

xx x x x
y  

D3c�  
+

−−
≠ ∧ ≠ −

+ +
= = − ⋅ =

  
  

  
    

22

1
22

2 ( 1)1 2 ( 0 1)
1 1

( 1) .x

x

x xx xx x
x x

y x  

D3d�  
−− −+ + − + + − + + −

≠ ⇒ ≠
− + − + − + − +

= + = = ⋅ =
    

       

        

2 3 22 ( 1) ( 1)2 2 2 1 2 2 1 ( 1 0)
1 1 ( 1)( 1) ( 1)( 1) ( 1)( 1)

.
x x x xx x x x x x x x xx

x x x x x x x x x x
e e e ee e e e e e e e ee x

e e e e e e e e e e
y  

D3e�  
− −−

≠ −
+ + +

= ⋅ = ⋅ =
    

  

2 2

2 2
3 3 ( 1)

1 1 ( 1)
3 .

x x x

x x
xe e ex

x x e e x
y e  

D3f�  −
+ − + − +

≠ ∧ ≠ −
+ + − + −

= = = =
  

    
     

          

2 2
1

2

( 1)
 ( 1 1)

1 ( 1)( 1) ( 1)( 1)2
.

x
x

x x x x x x x xx x
x x x x xx

y  

 

D4a�  −
≠ ∧ ≠ ∧ ≠ ≠ ∧ ≠ ∧ ≠ ∧ ≠

−
+ − = ⇒ = − ⇒ = − = ⇒ =  
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
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2,57 63
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63

0,39

2,57ln
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87 63

87 63

87 63 .
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′= ∧ ⋅ = −
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⋅

− = + ∧ ⋅ = −

+ = − ⋅ = − ⋅ = − ⇒

= −

      

  

   

2

2 1 1
2 2 2

2 1
2

2 1 1
2 8

Loodrecht snijden geeft: ( ) ( )  '( ) ( ) 1.

( ) 8 '( ) 2  en ( ) 2 ( ) 2 .

8 2   2 1

2 8 invullen in 2 1 geeft 2 1

2

p p

p p x p x p

x p

x p x

f x g x f x g x

f x x f x x g x x p g x

x x p x

x p x x x

x ( )

= + = − + = −

− ⇒ + − = ⇒ + − = ⇒ = − ∨ =

= − + = − − + = ⇒ − + = ⇒ =

    

2 2

2

2( 2 en 2 8 geeft 4 4 heeft geen oplossing)

8 2 8 0 ( 4)( 2) 0 4  2.

4 en 2 8 geeft 8 8 8 64 72.

x x p x p

x x x x x x x

x x p x p p p
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⋅
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⋅

  

  

  

  

0,018
0,018
0,018
0,018

0,018 en 58 58 58 0,018 0,018 (1,044 1) 0,018 0, 41.

0,018 en 63 63 63 0,018 0,018 (1,044 1) 0,018 0,13.

Het rechteroog kan tussen 0,13 meter en 

a
a
a
a

b S a a a a

b S a a a a

0,41 meter scherp zien.
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( 1) .a b b
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S abS a b abS a b a bS b a  

G36c�  +
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⋅
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⋅ ⋅ ⋅

= + = ≈

  

  

  

      

0,15 0,017
0,15 0,017

0,017 0,017 1 1
0,017 0,017 0,017 0,017

1 1 1
0,017 0,017

0,017 en 0,15 65,49.

0,017 .

Voor grote waarden van  nadert  naar 58,82.

Dus  kan de waarden

a a
aa a a

a

b a S

b S

a S S

S  59 tot en met 65 aannemen.
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21 1
2 2

2 2 22 2 2 4 581 1 1 1
kegel 2 3 3 204 0

0 0
58 8 321 1

3 20 3 20 15

0  1 0  2.

( ) d 2 2 d

2 0 1 .

x x x x x x

I I x x x x x
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   = ⋅ = ⋅ =    

  

21 1  (in de oorsprong)  (in )

d 2 2
d

Omdat  een vierkant is, geldt: 0  1 0   .

De richtingscoëfficiënt van de raaklijn in  is 2 en dit is onafhankelijk

nPn n n n n
y

n n nx x nx n

OP Q R x x x x x x n

P x n  van .n

 

 

G38a�  − − −
= − ⋅ ⇒ ⋅ = ⇒ = ⇒ − = ⇒ ≈

0,29 0,29 0,29 100 100
180 180

100 200 180 180 100 0,29 ln( ) 2,027.

Het opwarmen wordt gestopt na 2 uur en 2 minuten, dus om 17:02.

t t te e e t t  

G38b� − − −

−
°

= − ⋅ ⇒ = − ⋅ ⋅ − = ⋅

= = ⋅ ≈

0,29 0,29 0,29

0,29  ( /uur)

( ) 200 180 '( ) 180 0,29 52,2 .

Om 16:00 is 1 en '(1) 52,2 39,06 .
Dit is een snelheid van ongeveer 0,7 graden Celcius per minuut.

t t t
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S t e S t e e

t S e
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0,29
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0,29 200
180
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200 2001

0,29 180 180

200 180

180 200

0,29 ln

ln 3,45 ln .
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